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Elimination of the boundary conditions dualized

Summary : 
The taking into account of the boundary conditions in Code_hasster can be realized either by a direct technique
of  elimination  in  simple  cases  (AFFE_CHAR_CINE),  that  is  to  say  thanks  to  a  technique  of  dualisation
(AFFE_CHAR_MECA), and with the introduction of multipliers of Lagrange, for the cases more generals. 

Nevertheless,  this  approach  presents two  disadvantages.  On  the  one hand,  the  addition  of  multipliers  of
Lagrange increases the number of degree of freedom of the total problem, and thus the size of the system to
be  solved.  This  point  can  become  penalizing  since  the  number  of  boundary  conditions  increases (many
interfaces, connections kinematics, rigid impositions of movements, etc). In addition, the particular technique of
dualisation leads to the loss of the positive  semi-definite character of the matrix  of stiffness. This change of
nature can lead to defects of robustness, in the case of to see with the failure of the resolution the iterative
solveurs. 

One presents in this document a method allowing to eliminate them a posteriori  multipliers of Lagrange to take
into  account  the boundary conditions closely  connected.  This  approach do not  relate  to  the multipliers  of
Lagrange related to the modeling of the contact. 

The elimination of  the boundary conditions is carried out either by the use of  the keyword  ELIM_LAGR in
SOLVEUR [U4.50.01],  that  is  to  say directly  with  the  operator  ELIM_LAGR [U4.55.03]  which  builds  a  new
concept matr_asse_elim.
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1 Notations
[K ]N t×N t

 Matrix of stiffness containing the boundary conditions dualized

[ A]N× N  Matrix of stiffness of the problem without boundary conditions

[B ]N b×N  Matrix  of  definition  of  the  boundary  conditions  or  “matrix  of  the
constraints”

[I d]N b×N b
 Matrix identity of size N b×N b

[Z ]N× N l
 Matrix containing a base  core ( Ker ) of B

{u }N×1  Vector of solutions displacements

{u0 }N b×1  Vectors of imposed displacements

{uN }N l×1  Functions of form checking the boundary conditions

(ω0 , {ϕ}N l×1)  Clean modes checking the boundary conditions

{ f }N ×1  Vector of the imposed loading

{λ }N c×1 , {λ1}Nc×1 , {λ2 }N c×1
Vectors of the multipliers of Lagrange

N  Many degrees of freedom of the nonconstrained problem

N b  Many constraints 

N t  Full number of unknown factors 
• N +N b  for a simple dualisation,

• N +2N b  for a double dualisation,

N l  Many independent unknown factors, it is also the size of the core of
B  
N l=N−N b  
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2 Introduction

The taking into account of the boundary conditions in  Code_Aster can be realized either by a direct
technique of elimination in simple cases (AFFE_CHAR_CINE), that is to say thanks to a technique of
dualisation (AFFE_CHAR_MECA),  and with the introduction of  multipliers of  Lagrange, for the cases
more generals. This last  approach is very  general  and makes it  possible to treat  under the same
formalism all the types of boundary conditions. 

Nevertheless, this approach presents two disadvantages. On the one hand, the addition of multipliers
of Lagrange increases the number of degree of freedom of the total problem, and thus the size of the
system to be solved.  This point  can become penalizing  since the number of  boundary conditions
increases (many interfaces, connections kinematics, rigid impositions of movements, etc). In addition,
the particular technique of dualisation leads to the loss of the positive semi-definite character of the
matrix of stiffness. The search for the solution is not then any more one research of minimum, but a
search for point saddles [1]. This change of nature can lead to defects of robustness, to in the case of
see with the failure of the resolution the iterative solveurs. 

One presents in this document an alternative method to the introduction of multipliers of Lagrange to
take into  account the boundary conditions closely  connected.  This approach does not  replace the
introduction of the multipliers of Lagrange, in particular for the studies presenting of the contact. On
the other hand, in the case of the studies where the boundary conditions are solidified, this approach
allows  profits  of  robustness,  and  performance  in  the  case  of  a  significant  number  of  boundary
conditions.  One  initially  points  out  the  general  technique  which  governs  the  elimination  of  the
boundary conditions, then one presents the approach selected to eliminate the boundary conditions in
practice,  as  well  as  the  various  associated  algorithms.  Lastly,  one  in  the  case  of  presents  the
technique of elimination a problem to the eigenvalues.

3 Principle of the resolution by elimination

3.1 Definition of the problem to be solved

The system to be solved can be put in the following general form:

[ K ]{u }={f }
 (1)

under the constraint

[B ]{u}={u0}  (2)

With the introduction of multipliers of Lagrange, the problem becomes

{[ K ] {u}+[B ]T {λ }={f }
[B ]{u}={u0}

 (3)

and puts itself in the general form

[K BT

B 0 ]{uλ}={ f
u0

}  (4)

In the case of the double dualisation (AFFE_CHAR_MECA), this matrix is increased, and the system to
be solved becomes

[
K BT BT

B −α I d α I d

B α I d −α I d
]{ u

λ1

λ2
}={

f
u0

u0
}  

(5)
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hasclose to have posed naturally λ1=λ2=λ/2 .

To make its character semi-definite positive to the generic problem Ku= f , if the matrix K  present
a topology rising from the setting in the form (4) or (5),  one will  seek to break up the solution  u
problem in the form u=u p+u g , where

• u p  is the particular solution of the problem,

• ug  is  the  general  solution  of  the  problem,  associated  with  the  boundary  conditions

[B ]{u g }={0 } .

3.2 Search for the particular solution

The search for  the particular  solution simply  consists in  finding  u p  such as  [B ]{u p }={u0 } .  To

calculate  u p ,  one considers the decomposition on the image and the core of  B ,  that  is to say

u p=u p−i+u p−n , with u p−i  belonging to the image of B  and u p−n  belonging to the core of B .

This problem can be solved within the meaning of least squares, and in this case, one considers the
solution of  (2)  of  standard  L2  minimal,  that  is to say  u p=u p−i .  {u p−i}  is  the solution of  the
problem of minimization:

{up−i }=ArgMin
{u p }

(‖[B]{up }−{u0}‖
2
)  (6)

To calculate effectively  u p−i ,  provided  B  maybe of  full  row (row equal to  Nb ,  therefore not of
redundant constraints), one exploits the following property:

([B] [B]
T )([B][B ]

T )
−1

=[ I d ]NbxNb  (7)

and thus

([B] [B]
T )([B][B ]

T )
−1

{u0}={u0 }  (8)

The required solution is naturally given by:

{up }={up−i}=[B]
T ([B ][B]

T )
−1

{u0 }  (9)

In practice,  one carries out a factorization of Cholesky of the symmetrical matrix BBT
, using library

MUMPS, then one solves 

[B] [B ]
T
{y }={u0}  (10)

Lastly, one obtains {u p }   : 

{up }={up−i}=[B]
T
{ y }  

3.3 Search for the general solution

The general solution ug  checking [B ]{u g }={0 } , it belongs to the core  of B . The search for the

general solution thus passes by a stage of construction ofa base Z  DU core of  B . One can then
project the problem on the core, and solve this problem, posed better and of reduced size.

3.3.1 Obtaining a base of the core

Formally, the construction of the core of B  can be done in several ways:
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• Decomposition  in  singular  values  of  B ,  that  is  to  say  B=USV T .  Ker (B)  is  the  space

generated by columns of V T  associated with a worthless singular value.

• Decomposition  QR  of  BT ,  that is to say  B=RT QT .  Ker (B)  is the space generated by

columns of Q  associated with a zero value on the diagonal of RT .

• Decomposition  LU  of  BT . The calculation of the core is not direct,  and is obtained starting

from under-blocks of L .
It  is  this third  method which is put  in  work in  code_aster. One uses the SuperLU library  to build
factorization LU  of BT  :

Pr B
T Pc

T
=[ L ] [U ]=[ [L1]Nb×Nb

[0]

[L2](N−Nb )×Nb
[L3](N−Nb )×(N−N b)

][ [U 1]N b×N b

[0 ]( N−N b)×Nb
]  (11)

Lbe matrices  P r   and  P c  the matrices  of  permutation  imposed on the  lines and the  columns

indicate respectively of BT  for the construction of factorization LU . Blocks L1  and L3  are triangular

inferiors and the block U 1  is triangular superior.
Note: 
EN practical,  P c=Id , there is no permutation of the columns of BT . 

One from of deduced the following expression for  B :

B=U T LT Pr=[[U 1]N b×N b

T
[0 ]N b×(N−Nb)] [[L1]N b×N b

T
[L2]Nb×(N−N b)

T

[0] [L3](N−Nb )×(N−N b)

T ]Pr
 

(12)

It is then easy to see that a base of Ker (B)  is given by: 

Z=Pr
−1[ −[L1]

−T
[L2]

T

[I d](N−Nb )×(N−N b)
]  (13)

One makes the assumption here that B  is of full row. If such is not the case, then it is enough to build
L1  starting from the block of L  associated under the nonworthless terms of the diagonal of U .

3.3.2 Projection and resolution

Once the base of the core is calculated, the resolution is direct. One poses ug=Z ū , and the solution
of the problem thus is directly given by 

[Z ]
T
[K ][Z ]{ū }=ZT

{f } , (14)

since, by construction, 

[Z ]
T
[B ]

T
{λ }={0 } . (15)

In certain cases, it  is necessary to reach the multipliers of  Lagrange. They thus should be rebuilt,
starting from the solutions u p  and ug . With this intention, one must solve the first line of the system
(3), that is to say 

[B]
T
{λ }={f }−[K ]([Z]{ū }+{up })  (16)

If B  is of full row, the solution is written formally:
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{λ }=([B] [B]
T )

−1
[B]{f }−[K ] ([T ]{ū }+{up}) , (17)

and is calculated in  practice by re-using Factorisation  of  B BT  calculated for the search for  the

particular solution. In a similar way, if B  is not full row, it is possible to relieve the redundant stresses.
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4 Clean modes and elimination

This section echoes the section §7 of R3.03.01 documentation, and justifies the method of elimination
for the calculation of the clean modes. One is interested here in the problem following general:

To find the couples (ω0
2 ,{ϕ })  checking ([K b]−ω0

2
[M b]){ϕ}=0 (18)

Matrices  M c  and  K c  must  take into account the boundary conditions, and are supposed to be

obtained here starting from functions of  forms  uN checking  BuN=0 .  However,  in this case,  the
assembled problem is not the problem (18),  but a problem of  more important  size,  for  which the
functions of forms do not check the constraints kinematics. Matrices M b  and K b  are of dimension

(N−Nb)×(N−Nb) .
On the basis of the assembled matrices M  and K , of size N×N , built on the basis of function of
forms  u  not  checking  Bu=0 ,  there  exist  two alternatives  to  solve  the problem  (18).  The first
consists in increasing the matrix  K  to reveal the constraints kinematics, by adding unknown factors
in the form of multipliers of Lagrange. It is the approach adopted until now in the code. The problem to
be solved is written, with the technique of double dualisation:

([K BT BT

B −Id Id
B Id −Id ]−ω0

2[M 0 0
0 0 0
0 0 0]){ϕλ1

λ2
}={

0
0
0}

 
(19)

The approach by additions of multipliers of Lagrange, in the case of the research of the clean modes,
is not satisfactory, since besides the loss of the properties of positivity  of the operator, one adds a
significant number of  degrees of  freedom, and one thus widens the spectrum of  the problem. This
widening of spectrum poses digital problems, which oblige with an important work in this case.
The second approach, that proposed here, are more natural, and approach the initial  problem. The
matrices of mass and stiffness are certainly assembled on the basis of function of forms not checking
the limiting conditions, but the research of the clean modes and the eigenvalues can be done under
adapted space. It is enough to build a base of under space of the vectors  v  checking  Bv=0 . It
under space is  naturally  the core of  B .  It  is  then enough to  search  the  modes of  the  problem
nonconstrained project in the core of B . That is to say Z  a base of the core, one seeks the couples

then (ω0
2 , {ψ})  who check

[Z T (K−ω0
2M )Z ] {ψ }= {0 }  (20)

One identifies then M b=Z
T M Z  and K b=Z

T K Z . 

Efforts  of  reactions  f 0 ,  calculated  by  f 0=λ1+λ2  in  the  method  with  double  dualisation  (see
relation 19), are simply provided by 

[B (K−ω0
2 M ) Z ] {ψ }= {f 0 }  (21)
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