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Introduction to the methods Hybrid High-Order 
(HHO) 
 

Summary:

This  document  present  methods  HHO  for  the  problems  in  non-linear  mechanics  (small  and  great
deformations). Keywords corresponding for modelings in Code_hasster are D_PLAN_HHO_* and 3D_HHO_*.
More complete details are given in [1].
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1 Introduction

Lhave been methods HHO are developed for a few years by Di Pietro, Ern and their collaborators. The first
work concerns the problems of the linear diffusion [2] and of linear elasticity [3]. Since, methods HHO were
extended to different physics to deal with linear problems as well as non-linear (see [1] for the references which
follows). For the linear problems, we can quote work on the problem of Stokes, on the linear diffusion with
variable  coefficients,  on  the  advection-diffusion-reaction,  the  problem  of  Cahn-Hilliard,  and  the  flows  in
fractured porous environments. The use of curved grids is considered for the problem of the linear diffusion.
For the non-linear problems, we can quote work on the problem of Leray-Lions, on the stationary Navier-Stokes
equations, the spectral problems, and the fluids of Bingham. With regard to more particularly the mechanics of
the solids,  there was the extension to  the problem of  non-linear  elasticity  in  small  deformations,  with  the
problem  of  Biot,  the  equations  of  the  plates  of  Kirchhoff--Coil,   and  works  completed  in  [1]  on  the
hyperelasticity in great deformations [4],  plasticity into small  [5] and great [6] deformations and the contact
unilateral  with  friction  of  Tresca.  From  a  digital  point  of  view,  a  private  interest  was  carried  to  the
implementation of  these methods in  a generic  way in  order to include the polyhedric  grids in  unspecified
dimension. These developments are capitalized within the code open-source DiSk++ with the CERMICS.

Methods HHO are methods not-in conformity like the methods of  discontinuous the Galerkin type (dG), but
contrary with these last, they are formulated in terms of unknown factors of faces (carried by the skeleton of the
grid).  Unknown factors in the cells are also added for properties of stability and approximation (from where the
Hybrid term). These unknown factors of cells can be eliminated locally by static condensation (or complement
of Schur). The High-Order term comes owing to the fact that methods HHO make it possible to make of a low
nature like of a nature raised without modification of the method. The construction of methods HHO rests on
two ideas:

1 the local reconstruction of a gradient or a potential starting from the unknown factors of the cell and
unknown factors of the faces in ‘miming” an integration by parts;

2 an operator of local stabilization in order to impose slightly on each face of the cell consistency enters
the unknown factors of the face and the trace of the unknown factors of the cell. 

Methods HHO have many advantages:
1 arbitrary order of approximation (K ≥ 0 for the linear diffusion and K ≥ 1 for linear elasticity); 
2 use of polyhedric grids with interfaces possibly not-in conformity (see fig. 1-1 for examples of grids); 
3 robustness with respect to the physical parameters (elastic incompressibility, dominant advection…) ;
4 gravitational digital  costs thanks to the static condensation which makes it  possible to eliminate the

unknown factors carried by the cells all while maintaining a stencil compact; and (v) local conservation
of flows on each cell of the grid. 

  
 

The point  (3) is particularly relevant in the context of this manuscript, where we are interested in the
problems of  mechanics of  the solids because methods HHO will  enable us to use a purely  primal
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Figure 1-1: Examples of grids polyédric supportéS by the
méthodes HHO.
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formulation (without addition of multipliers of Lagrange contrary to the mixed formulations) in order to
eliminate digital locking resulting from the incompressibility which is usually present for the methods
H1- in conformity. When at the point (2), a motivation is to be able to carry out a local refinement of the
grid without having to be concerned with possible presence of orphan nodes as in the methods H1- in
conformity. Indeed, as illustrated with the fig.  1-2 ,  the presence of  the orphan nodes is managed
simply by treating the corresponding mesh like a polygon (or a polyhedron). 

 
Methods HHO present more or less narrow connections with other developed digital methods these last years.
For the methods of a low nature, there exist links with the methods finished volumes Hybrid Finite Volumes and
Mixed Finite Volumes, with the methods Mimetic Finite Differences (see [8]  for a unfié framework of the three
preceding methods), like with the methods Compatible Discrete Operator  and the Gradient Designs. For the
methods  of  a  higher  nature,  a  connection  was  established  between  the  methods  HHO,  Hybridizable
Discontinuous Galerkin (HDG)  and nonconforming Virtual Element Methods (ncVEM). The principal similarities
and differences between the methods HHO, HDG, and ncVEM are: 

• the reconstruction of the discrete operators for HHO replaces the equations of flow for HDG and these
operators play the same part as the operators of projection used by ncVEM;

• the operators of stabilization for HHO and HDG are defined from a functional point of view (and are
different if the unknown factors of cell have the same degree as the unknown factors of face) whereas
for ncVEM, these operators are defined from an algebraic  point  of  view while leading to quadratic
forms equivalent to HHO.
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2 Description of the method
2.1 Case of the élinear lasticity

We will present in this section the methods Hybrid High-Order (HHO) via the problem of linear elasticity. The
goal is to describe the great principles of construction of methods HHO. By simplicity, we suppose that the field

Ω0⊂ℝ
d , with 2≤d ≤3 , is a limited, related polyhedric field and with a Lipschitzien edge Γ=∂Ω0 .

The field Ω0  becomes deformed due to a voluminal loading f ∈L2
(Ω ;ℝd

)  and of the conditions of the
homogeneous Dirichlet type are imposed on the edge Γ  (to simplify). The weak formulation of the problem
is: 

To find u∈H 0
1
(Ω ;ℝd

)  such as:

2μ(∇su ,∇s v)L2
(Ω0 )

+λ(∇⋅u ,∇⋅v)L2
(Ω0 )

=( f , v)L2
(Ω0)

 ∀ v∈H 0
1
(Ω0;ℝ

d
) (1)

where H 0
1
(Ω ;ℝd

)={v∈H 1
(Ω ;ℝd

): v=0 surΓ} and μ>0  and λ≥0  are the parameters of Lamé

of material. Moreover, ∇s  indicate the symmetrical part of the operator gradient and ∇⋅  the operator
divergence.

2.2 Tally discrete
2.2.1 Maillage

We consider  a  family  grids  (T h)h>0  ,  where for  each  h>0  ,  grid  T h  is  composed of  opened,

disjoined polyhedrons not-vacuums, which have plane faces, and such as Ω0=∪T∈Th
T  . The total size of the

grid is described by the parameter h=maxT∈T h
hT  , where hT  is the diameter of the cell T  . A closed

subset  F  of  Ω0  a face is called if  it  is a subset having a relative  interior not-vacuum contained in a

hyperplane closely connected HF  and if: 

• either  there exist  two distinct  cells  T 1 ,T 2∈T h  such as  F=∂T 1∩∂T 2∩H F  (and  F  an
interface is then called) 

• S hears there exists a cell  T∈T h  such as F=∂T∩Γ∩HF  (and F  a face of edge is then
called). 

The faces of the grid are joined together as a whole Fh  who is thus partitionné in two subsets, Fh
i  the

whole of the interfaces and Fh
b  the whole of the faces of edge.  For all  T∈T h  ,  FT  indicate the

whole of the faces of the grid which are included in ∂T  and nT  the unit outgoing normal with the cell

T  . We suppose in the continuation that the family of grids (T h)h>0  is regular with the direction specified

in [3],  i.e. for all  h>0  ,  there exists a under-grid in conformity  of  T h  composed of  simplexes  who

belongs to a regular family of simpliciaux grids in the usual direction of Ciarlet and such as each cell T∈T h
grid  (respectively, each face  F∈Fh  ) can be broken up into a uniformly  limited number of  under-cells
(respectively, under-faces) which belong to only one cell of the grid (respectively, with only one face or inside a
cell) with a diameter uniformly comparable. 

2.2.2 Approximation

That is to say k ≥1  a fixed polynomial degree. In each cell T∈T h  grid, local unknown factors HHO are

the pair  (vT , v∂T ) ,  where the unknown factor  of  cell  vT∈Pd
k
(T ;ℝd

)  is  a polynomial  with  vectorial

values  with  d -  variables  of  degree  at  the  maximum  k  in  the  cell  T ,  and

v∂T∈Pd−1
k

(FT ;ℝ
d
):=∏F∈FT

Pd−1
k

(F;ℝd
)  is a polynomial  with vectorial  values defined per pieces in

(d−1) - variables of degree to more K on each face F∈FT  cell T . We write in a more concise way
in the continuation than:

v̂T :=(vT , v∂T )∈UT
k :=Pd

k
(T ;ℝd

)×Pd−1
k

(FT ;ℝ
d
)  (2)
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The degrees of freedom are illustrated in figure 2.2.2-1 , where a point represents a degree of freedom (but not
inevitably a physical point of evaluation) and the geometrical shape of the cell is only illustrative. The degrees
of freedom do not have a physical direction a priori and from an algebraic point of view, they correspond simply
to the coefficients in a polynomial base. 

 

Space UT
k  is provided with the following local discrete pseudo norm: 

|v̂T|1,T
2 :=‖∇

s vT‖L2(T )
2

+‖γ∂T

1
2 (vT−v∂T )‖L2(∂T )

2  (3)

with the constant function per pieces γ∂T∣F  such as: 

γ∂T∣F=hF
−1

∀ F∈FT  (4)

where  hF  is the diameter of  F  . We also introduce space  RM (T )  movements of rigid body on

T  such as: 

RM (T ) :={v :T→ℝ
d
∣ v (x )=c+ω x , où c∈ℝ

d et ω∈SO d
}  (5)

where SOd  is the whole of the matrices of rotation in real Euclidean space. Let us note that ∇
s
=0  is

equivalent to v∈RM (T )  and that Pd
0
(T ;ℝd

)⊂RM (T )⊂Pd
1
(T ;ℝd

) .

Lemma 1:

For all v̂T∈U T
k , one has |v̂T|1,T=0  if and only if vT  is a rigid movement of body and that v∂T  is

the trace of vT  on ∂T . 

Preuve:
Let us notice that |v̂T|1,T=0  is equivalent to:

∇
s vT=0 et vT−v∂T=0  (6)

We deduce from it that vT  is a rigid movement of body because ∇
s vT=0  and that v∂T  is the trace

of vT  on ∂T  because vT−v∂T=0. . ■

2.3 Local operators of reconstruction and stabilization

Methods HHO are based on the reconstruction of various discontinuous quantities which will come to play the
part of their continuous counterpart in the formulation of the discrete problem. In the case of the discretization
of the problem of linear elasticity, the first key ingredient is the operator of reconstruction of the symmetrical

gradient  ET
k :U T

k
→Pd

k
(T ;ℝsym

d×d
)  starting from the unknown factor of  cell  vT∈Pd

k
(T ;ℝd

)  and of  the

unknown factors of face v∂T∈Pd−1
k

(FT ;ℝ
d
)  composing the pair v̂T=(vT , v∂T )  . For all  v̂T∈U T

k

,  the  gradient   symmetrical  rebuilt  ET
k
(v̂T )∈Pd

k
(T ;ℝsym

d×d
)  is  obtained  by  solving  the  following  local

problem: for all τ∈Pd
k
(T ;ℝ sym

d×d
)   : 
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Figure 2.2.2-1: Pentagonal cell: degrees of freedom of the cell (blue) and the faces (green)  for
various values about approximation K= {1,2,3} in the two-dimensional case.
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(ET
k (v̂T) , τ)L2

(T )=(∇s vT , τ)L2
(T )+(v∂T−vT , τ nT )L2

(∂T )  (7)

To solve this problem implies to choose a polynomial base of Pd
k
(T ;ℝ)  only and to reverse the matrix of

mass associated for each component with the tensor ET
k
(v̂T ) .

The second key ingredient to build methods HHO is the operator of local stabilization which makes it possible
to slightly impose the equality between the unknown factors of face v∂T  and unknown factor of cell traces it

vT  by  the  means  of  a  penalization  within  the  meaning  of  least  squares  of  the  difference

v∂T−vT∈Pd−1
k

(FT ;ℝ
d
) . The operator of stabilization v∂T−vT∈Pd−1

k
(FT ;ℝ

d
)  is defined such as, for

all  v̂T=(vT , v∂T)  :

S∂T
k
(v̂T)=Π∂T

k
(v∂T−DT

k +1
(v̂T ))+ΠT

k
(vT−DT

k+1
( v̂T))  (8)

where  Π∂T
k  and  ΠT

k  are the projectors  L ² - orthogonal on  Pd−1
k

(FT ;ℝ
d
)  and  Pd

k
(T ;ℝd

)
respectively.   Moreover,  the local  operator  of  reconstruction of  a field  of  displacement  of  a higher nature

DT
k+ 1:UT

k
→Pd

k+1
(T ;ℝd

)  is defined such as, for all  v̂T∈U T
k ,  DT

k+1
( v̂T )∈Pd

k+1
(T ;ℝd

)  is obtained

by solving the problem of following Neumann: for all w∈Pd
k+1

(T ;ℝd
)  :

(∇ DT
k+1

( v̂T ) ,∇ w)L2
(T)=(∇ vT ,∇ w)L2

(T )+(v∂T−vT ,∇ wnT )L2
(∂T )  (9)

This reconstruction is defined in a single way while imposing the median value :

∫T
DT
k+1

( v̂T )=∫T
vT  (10)

Like  ET
k
(v̂T )  is  not  stable  with  the  direction  where  ET

k
(v̂T )=0  do  not  necessarily  only  imply

v∂T=vT=cst , it is necessary to couple the operator ET
k  with the operator of stabilization S∂T

k . Thus,

the addition of this term of stabilization makes it possible to find a property of local stability which is necessary
to show the coercity of the discrete problem. 

Lemma 2 (Stability and enclosed character)
That is to say the operator of reconstruction of the symmetrical  gradient defined by  (7) and the operator of
stabilization defined by  (8) .  That is to say  γ∂T  defined by  (4).  Then, there exists  0<αs<αb<+∞ ,

independent of H, such as, for all T∈T h  and all  v̂T∈U T
k  :

αs|v̂T|1,T≤√‖ETk ( v̂T)‖2
+‖γ∂T

1
2 S∂T

k
( v̂T )‖

2
≤αb|v̂T|1, T v∈H

1
(T ;ℝd

)  (11)

Proof:
to see Lemma 4 in [3]. ■

Another important property of the rebuilt symmetrical gradient is a property of commutation which is essential
to prove the robustness of the method within the incompressible limit.

Lemma 3 (Commutation)
For all T∈T h  and all v∈H1

(T ;ℝd
) , the following equality is true:

ET
k
( Î T

k
(v))=ΠT

k
(∇

s v)  (12)

where Î T
k :H1

(T ;ℝd
)→UT

k  is the local operator of reduction such as:

ÎT
k
(v)=(ΠT

k
(v ) ,Π∂ T

k
(v))  (13)

Proof:
 to see Proposal 3 in [3] . ■ 
 

For the continuation, we also define the discrete operator of divergence DT
k :UT

k
→Pd

k
(T ;ℝ)  such as:
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DT
k
( v̂T )=trace (ET

k
(v̂T))  ∀ v̂T∈UT

k

(14)

Notice (Alternatives of methods HHO):
There exist several alternatives of method HHO presented here. Once the polynomial degree k  fixed for the
unknown factors of face, the unknown factor of cell can be polynomial degree  l∈{k−1,k , k+1}, l≥1 ,
without change of the properties of approximation and stability (cf. [7]).

2.4 Total problem discrete HHO

Let us define the discrete total problem now. Let us pose:

Pd
k
(T h ;ℝ

d
):=×T∈Th

Pd
k
(T ;ℝd

) et Pd−1
k

(Fh ;ℝ
d
) :=×F∈Fh

Pd−1
k

(F ;ℝd
)  (15)

The total space of unknown factors HHO is defined such as:

Uh
k :=Pd

k
(T h;ℝ

d
)×Pd−1

k
(Fh;ℝ

d
)  (16)

For a generic element v̂h∈Uh
k , we use the notation v̂h :=(vTh , v Fh) . For any cell T∈T h grid, we note

v̂T∈U T
k  local components of v̂h  bound to the cell T  and with the faces composing its edge ∂T ,

and for very  face  F∈Fh ,  we note  v F  the component of  v̂h  bound to the face  F .  Boundary
conditions homogeneous of Dirichlet are applied in a strong way to the unknown factors related to the faces of

edge F∈Fh
b . We introduce for that the subspace:

U h ,0
k :={v̂h∈U h

k : vF=0, ∀ F∈Fh
b
}  (17)

We define the function ‖.‖
U h,0
k Tit that:

‖v̂h‖U h ,0
k

2
=∑T∈Th

|v̂T|1, T
2 , ∀ v̂h∈U h ,0

k
 (18)

Proposal 1

The function ‖.‖
U h,0
k  a standard defines on U h ,0

k .

Proof:

It is enough to show that for all v̂h∈U h ,0
k , ‖v̂h‖U h ,0

k

2
=0  imply vT=0  for all T∈T h  and v F=0

for all F∈Fh . Let us notice that ‖v̂h‖U h ,0
k

2
=0  imply that for all T∈T h  :

∇
s vT=0, et vT∣F−vF=0, ∀F∈FT  (19)

Let  us  take  a  cell  T∈T h  having  at  least  a  face  of  edge  F∈FT∩Fh
b ,  so  that  v F=0 .  Then

vT∣F=0  because vT∣F−vF=0 . By combining that with ∇
s vT=0  and with an inequality of Korn, we

obtain  vT=0 .  Moreover,  like  vT∣F'−v F'=0, ∀ F '∈FT ∖F ,  we  deduce  some  v F '=0  for  all

F '∈FT . It is enough to prolong this reasoning sleep by layer of cells until to have traversed all the cells

T∈T h  and all faces F∈Fh .■

The discrete problem is the following:

To find v̂h∈Uh ,0
k such as 

∑T∈Th
aT (ûT , v̂T )=∑T∈Th

( f , v̂T)L2
(T ) , ∀ v̂T∈Uh ,0

k
 

(20)

Withvec:

aT (ûT , v̂T )=2μ {(ET
k (ûT ) , ET

k (v̂T))L2
(T )+(S∂T

k (ûT) , S∂T
k (v̂T ))L2

(∂T )}+λ(DT
k (ûT) , DT

k (v̂T ))L2
(T )  (21)

The member of  right-hand side in  (21) is obtained by replacing the continuous operators by their  discrete

versions and by adding the term of stabilization. We can show that there exists a single solution ûh∈U h ,0
k
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with  the problem  (1) (that  rises from  the property  of  local  stability  of  the Lemma 2).   Moreover,  like  the
contributions in (21) are calculated in a local way to the cells, it is very easy to parallel these calculations.  
 
Methods HHO have  optimal  rates of  convergence  on grids  generals  as well  in  standard of  energy  as in
standard L ²  (without elliptic assumption of regularity). 
 
Theorem 1 (Error in standard of energy)

That is to say K≥1 and Shears u∈H 0
1
(T ;ℝd

) , L‘single solution of the problem (1)  and ûh∈U h ,0
k  the

single solution of  the problem  (20).  By also supposing the additional  regularity  u∈H k+2
(T ;ℝd

) ,  there
exists a C>0 constant, independent of H, μ , and λ , such as:

(∑T∈Th
|Î T

k u−ûT|1,T
2

)
1
2 ≤ Chk+1

(2μ|u|H k+2
(Ω0)

+λ|∇⋅u|H k+1
(Ω0)

)  (22)

Proof: 
to see Theorem 8 in [3] . ■ 

Theorem 2 ( Error in standard L ² ) 
Under the assumptions of the Theorem 1 and by supposing the elliptic regularity for the problem of the model
(1), there exists a constant C>0 , independent of h , μ , and λ , such as:

(∑T∈Th
‖ΠT

k u−uT‖L2
(T )

2
)
1
2 ≤ Chk+2

(2μ|u|H k +2
(Ω0)

+λ|∇⋅u|H k+1
(Ω0)

)  (23)

Proof: 
to see Theorem 11  in [3] . ■ 

Estimates of  Théorème 1 and of  Théorème 2 are robust  with  incompressible  limit  since they  utilize  only
regularity of ∇⋅u  according to λ . These rates of convergence are confirmed numerically as well as the
robustness. Lastly, it is important to recall that these rates of convergence are higher of an order than those
obtained for finite elements H 1 - in conformity by using polynomials of degree k  in the cells.
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3 Implementation

Implementation in code_aster new digital methods which differ from the elements of LagRangel can be difficult.
Us listels main reasons:

• Limited  number  of  geometrical  supports  possible  in  the  grid:  triangle  and quadrangle  in  2D,  and
tetrahedron, hexahedron , prism and pyramid in 3D (not of support of the grids polyhedric ); 

• Strong connection between the geometrical support and the element chosen. degree of approximation
of the method is given by the geometrical support. For example, a linear approximation for triangles
with 3 nodes ( TRIA3 ) and quadratic for triangles with 6 nodes ( TRIA6 ); 

• L be unknown finite element are supported only by physical nodes of the grid (and not by faces or cells
of the grid as it is the case for the methods finished volumes, discontinuous Galerkin, and HHO). 

Principal the objective for the implementation of methods HHO in code_aster is to re-use as much as possible
the architecture of the code and not to modify the critical points of the code which are:

• Structures of data
• Lbe catalogues finite elements
• The locality of elementary calculations
• Opération of assembly

We limit ourselves even to the implementation of methods HHO for non-linear mechanics in code_aster for a
limited number of support geometrical, triangle and quadrangle in 2D and tetrahedron and hexahedron in 3D.
Moreover,  only  linear  approximations  k=1  and  quadratic  k=2  are  implemented.  The  various
modifications are limited to two operators:

• CREA_MAILLAGE
• STAT_NON_LINE

3.1 Preliminaries

To implement  methods  HHO  in  code_aster,  two  stages  are  particularly  important  and  require  a  special
attention.  The first  is  the  static  condensation  (or  complement  of  Schur)  which  allows to  eliminate  locally
unknown factors of cell in the elementary contributions (at the end, a problem smaller compound only of the
unknown factors of face is solved). The second big step is the assembly run of the total problem only made up
of the unknown factors of face starting from the elementary contributions after static condensation. These two
big  steps are illustrated on the figure  3.1-1.  We will  explain  in  the next  sections how to  carry  out  these
operations in code_aster by carrying out minor modifications of the architecture of the code. 
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3.2 Unknown factors HHO and classification

We recall   that  unknown factors  HHO  v̂T=(vT , v∂T )∈UT
k that  we calculate  are the coefficients  of  the

polynomials  of  the  cells  and the  faces  (these coefficients  a  priori  no  physical  direction  has).  After  static
condensation, a total problem formulated in terms of unknown factors of face must be assembled. Since, the
assembly must be carried out face by face and that unknown factors HHO can be supported only by physical
nodes of the grid in code_aster, we require that each face of the grid has at least a node which is shared with
no other face of the grid (typically a node located with the barycentre of the face). It is the case in 2D for the
triangle with 7 nodes (SORTED7) and the quadrangle with 9 nodes (QUAD9), and in 3D for the hexahedron with
27 nodes (HEXA27). These geometrical  supports correspond to the quadratic elements for the isoparametric
elements. Unfortunately, there is not in  code_aster of tetrahedron with this property. This is why, we added a
converter  of  grid  in  CREA_MAILLAGE named  TETRA4_9 and  which  makes  it  possible  to  transform  a
tetrahedron with 4 nodes into a tetrahedron with 9 nodes. The new nodes are localised with the barycentre of
the faces.

Unknown factors of face v F for the faces F∈Fh are supported by the node which is localised with the

barycentre of the face F . These physical nodes of the grid which support the unknown factors of face are
named unknown_nodes. Moreover, like the faces are supposed to be plane, we use the nodes tops to describe
the geometry of the cells and the faces and to calculate the various integrals. These physical nodes of the grid
which describe the geometry are named geometric_nodes. Finally,  in the case ofHEXA27, the nodes located in
the mediums of the segments are not used and are named empty_nodes. These different categories of nodes
are illustrated on the figure.3.2-2. Moreover, unknown factors of cell  vT are stored in one  CHAM_ELEM (a
constant field by element).

These tricks on the localization of unknown factors HHO make it possible to re-use the structures of data and
the  assembly  without  modifications.  The  classification  used  for  the  assembly  is  named  total  numbering
because  it  is classification used to assemble the problem gloBdifferent  al.  Une classification is also used,
named Local numbering, which is used to summon the various elementary contributions of a cell given before
static condensation (this classification is never  used to assemble a total problem). That is done while adding
with the node barycentre cell, named Concealment node, unknown factors of cell. These two classifications are
presented on the fig.3.2-1.
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Figure 3.2-1: Two classifications are used: total (left) and local (right-hand side).

Figure 3.2-2: Different categories of nodes used for the geometrical
supports SORTED7, QUAD9, TETRA9 and HEXA27.
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3.3 Combination and static condensation

One principal  difficulties is static condensation because for the finite elements of  Lagrange, the elementary
contributions are calculated locally with the element (cell or face) then assemblies directly in the total problem
by using total  classification (see fig.  3.3-2 ).  Whereas for  the methods HHO, static  condensation must  be
realized  before  the  assembly.  Thus,  we  must  add  an  intermediate  stage.  To start,  all  the  elementary
contributions  coming  from  the  same  cell  are  summoned  locally  in  A loc  and  bloc  by  using  local

classification. This operation is named Summation. Moreover, by supposing that unknown factors of cell vT
are ordered before the unknown factors of the faces v∂T  , the local problem to assemble is the following: 

[ A loc
T ,T A loc

T , ∂T

A loc
∂T ,T Aloc

∂T , ∂T ][ vTv∂T ]:=[bloc
T

b loc
∂T ]  (24)

where A loc and bloc were broken up per block. The block A loc
T ,T , made up only of the unknown factors

of cell  vT , is definite positive (the block is dense). Thus, we can éliminer unknown factors of cell  vT to
keep only the unknown factors of the faces, which carries out to:

Acond v∂T :=bcond  (25)

Where:

A cond=Aloc
∂ T , ∂T

−Aloc
∂ T , T

(A loc
T , T

)
−1 A loc

T , ∂T  (26)

bcond=bloc
∂T
−A loc

∂T ,T
(A loc

T , T
)
−1 A loc

T , ∂T bloc
T  (27)

where A cond and bcond are formulated only in terms of unknown factors of face v∂T . This operation is

named Static condensation. The principal difficulty of static condensation is that its entries A loc and bloc
use local  classification,  whereas its exits  Acond and  bcond use total  classification.  Finally,  A glob and

bglob are  assembled  in  the  total  problem  by  using  total  classification.  The  sequence  of  these  various
operations (elementary  calculations,  summation,  static  condensation)  for  methods HHO is  summarized  in
fig.3.3-1. Let us note that the contributions coming from the loadings of Neumann are assembled directly in the
total problem because they utilize only the unknown factors of the faces.

Moreover, after the resolution of the total problem, the value of the unknown factors of face v∂T  are known.

The static decondensation makes it  possible to recompute the value of  the unknown factors of  cell  vT
starting from the unknown factors of face v∂T such as:

vT=(A loc
T ,T

)
−1
(b loc−A loc

T , ∂T v∂ T )  (28)

To save computing time, the matrix  (Aloc
T ,T

)
−1 Aloc

T , ∂T and the vector  (Aloc
T ,T

)
−1bloc Sstored locally in two

CHAM_ELEM during static condensation then re-used during the static decondensation.
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Figure 3.3-1: Sequence of the operations to assemble the total problem by
using classifications local and total for methods HHO.
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Figure 3.3-2: Sequence operations to assemble the total problem by using
total classification for the finite elements of Lagrange.
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3.4 Operator STAT_NON_LINE
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Figure 3.4-1: Description of non-linear solvor STAT_NON_LINE where the
modifications to implement methods HHO are added (in green).
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The non-linear problem is solved with a method of Newton. To integrate methods HHO in this operator, two
intermediate stages are added. The first, named HHO_COMB1, realize summation and static condensation. This
operation is called between the calculation of the elementary contributions and  assembly. The second, named
HHO_DECOND2,  allows to carry  out the static  decondensation after  the resolution of  the total  problem.  It  is
sufficient  to  add two Boolean  conditions  in  the  operator  STAT_NON_LINE to  use these two operations if
methods HHO are used in calculation. These modifications are presented on the fig.  3.4-1 . Let us note that
these modifications are very limited in the code.

3.5 Conditions with the limits of Dirichlet

The boundary conditions of Dirichlet are strongly imposed by modifying the matrix and the loading. The user
must specify the displacements imposed on the edge of Dirichlet. However, it is not obvious for the user to give
the values of the unknown factors of faces because these coefficients do not have a priori a physical direction.

We  added  an  automatic  translator  who  calculates  projection  L ²  ΠF
k
(uD) and  the  value  imposes

v F=ΠF
k
(uD) starting from displacement  given  uD with  the nodes of  the face (within  the meaning of

Lagrange). In practice, in AFFE_CHAR_CINE, it is enough to give the conditions on DX,  DY and/or DZ and the
operator automatically translates it into conditions on polynomials HHO.

3.6 Postprocessing

Unknown factors HHO are the coefficients of polynomials. These coefficients do not have a priori a physical
direction. Thus, a postprocessing must be applied in order to be able to display these results. We create a new
field ELNO who will come to replace unknown factors HHO in the field DEPL at the end of calculation. The value
of displacement in a node of the grid is the average of the values of the unknown factors of cell which contains
this node. Let us note that this field is overall continuous contrary to fields HHO.

3.7 Perimeter of use

Method HHO is  usable  only  in  non-linear  statics  (STAT_NON_LINE),  the  following  features are  excluded:
contact/friction,  piloting,  linear  research,  reduction  of  model,  macronutrients,  dynamics,  calculation  of
oscillatory modes or criteria of buckling.
The method is usable for the laws of behavior in small and great deformations (model GDEF_LOG).
In  addition,  method  HHO  cannot  be  used  simultaneously  with  a  method  standard  finite  element  (in
AFFE_MODELE).  The  limiting  conditions  can  be  affected  only  by  elimination  (AFFE_CHAR_CINE)  and  the
voluminal loadings (as gravity) are excluded.
Method function on triangles and quadrangles in 2D, tetrahedrons and hexahedrons in 3D.

Note: these limitations are not necessarily of theoretical origin but simply that there do not exist tests checking
its good performance.

1 Name of the option of calculation
2 Name of the option of calculation
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