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Laws of plastic behavior and viscoplastic with 
nonlinear isotropic work hardening
VMIS_ISOT_NL and VISC_ISOT_NL

Summary:

This  document  describes  the  model  of  behavior  élasto-visco-plastic  to  nonlinear  isotropic  work  hardening,
available in local version and to gradient of internal variables ( GRAD_VARI or GRAD_INCO ). A modeling of the
great deformations is accessible via kinematics GDEF_LOG . The function of work hardening cumulates several
terms (a term refines, two exponential terms, a term in power) capable to cover most nonlinear answers of a
metallic material; each one can easily be cancelled, which offers a form of modularity to the relation of behavior
(for  example:  linear  work  hardening  or  work  hardening  in  law  power  only).  Lastly,  the  behavior  can  be
independent of time ( VMIS_ISOT_NL ) or viscoplastic ( VISC_ISOT_NL ). In this last case, plasticity evolves
according to a model of Norton in whom the function threshold intervenes. 
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1 Scope of application

1.1 Finality

The law of behavior VMIS_ISOT_TRAC allows to give an account of any form of nonlinear isotropic
work  hardening via  the data  of  the answer  stress-strain  in  a  simple  tensile  test,  in  the form of  a
sampled  function.  However,  the  identification  of  this  answer  can  prove  simpler  by  giving  itself  a
preestablished  function  which  depends  on  a  small  number  of  parameters.  The  user  is  then  also
exempted  phase  of  sampling,  sometimes  delicate  when  the  function  is  with  fast  variations.  The
performances of the integration of the law of behavior also gain there, in particular when necessary
sampling would have been particularly fine. 

It is all the object of the law of behavior VMIS_ISOT_NL (plasticity) or VISC_ISOT_NL (viscoplasticity),
dedicated  to  metallic  materials.  The function  of  work  hardening  R(κ ) consist  of  the assembly  of
several elementary terms, where κ  indicate the variable of work hardening (which generally coincides
with the cumulated plastic deformation):

R (κ)=R0+RH κ+R1(1−e
−γ1κ)+R2(1−e

−γ2κ)+RK ( p0+κ)
γK   (1)

The cancellation of the term refines, of each exponential term or of term in power is carried out while
fixing respectively RH=0, R1=0 or R2=0 and finally RK=0, which gives access a function of simpler
work hardening if necessary. 

This model of behavior is compatible:

• with a kinematics of small disturbances (HP) or great deformations (GDEF_LOG);

• with  a  plastic  answer  independent  the  rate  loading  (VMIS_ISOT_NL)  or  viscoplastic
(VISC_ISOT_NL) on the basis of law of Norton;

• with a local formulation or with gradient of internal variable in which the gradient of the variable of
work hardening intervenes, cf [Lorentz & Andrieux, 1999] and [Zhang and al., 2018].

Lastly, let us specify that the elastic part of the model is expressed in an explicit way, i.e. the constraint
is expressed like a function of the deformation and plastic deformation in a current state. There is thus
no incremental evolution of the constraint; it does not contribute to define the mechanical state of the
system, it in is a consequence (in particular, the constraint does not enter the definition of an initial
state of the system).  

1.2 Parameters materials

modular expression of the relation of behavior makes it possible to gather the various parameters of
the model by categories:

• the elastic part is isotropic and depends on the Young modulus E and of the Poisson's ratio  ν
defined under the keyword factor ELAS (E, NAKED) order DEFI_MATERIAU ;

• parameters of isotropic work hardening (1) are defined under the keyword factor ECRO_NL (R0,
RH, R1, GAMMA_1, R2, GAMMA_2, RK, P0, GAMMA_K);

• the  parameters  of  the law of  viscosity  of  Norton,  when it  is  present,  are  defined  under  the
keyword factor NORTON (coefficient K and exposing NR )  ; 

• in nonlocal formulation [R5.04.01], it is also necessary to define the corresponding parameters
under the keyword factor NON_LOCAL (C_GRAD_VARI and COEF_PENA_LAGR)

The  parameters  can  depend on  the  temperature  (keywords  factor  *_FO).  The law of  behavior  is
expressed in  mechanical  deformations,  i.e.  it  is  compatible  with  the usual  terms of  withdrawal,  in
particular thermal deformation.
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1.3 Internal variables

The law of behavior is based on eight internal variables: on the one hand, the level of work hardening
κ  and  six  components  of  the  plastic  deformation  (which  it  is  thus  not  useful  to  calculate  in
postprocessing); and in addition, for reasons of digital effectiveness, one also preserves the state of
the step of current time, with like values 0=elastic, 1=plastic with regular flow, 2=plastic with singular
flow (one will see more far from what it acts). 

The internal variables are gathered in the following table:

EPSEQ V1 Variable of work hardening κ

INDIPLAS V2 State of the step of current time (0, 1 or 2)

EPSPXX - EPSPYZ V3 - V8 Components of the plastic deformation

2 Continuous model

2.1 Equations of behavior: local plastic model

It is about a model of plasticity with threshold of von Mises and classical isotropic work hardening. deformation

(mechanical) ε  breaks up in an additive way into a plastic part ε p
 and an elastic part ε

e
, the latter being related

to the constraint by the following elastic relation:

σ=K tr(εe)Id+2μdev(εe)    ;    3 K=
E

1−2 ν
   2μ=

E
1+ν

  
(2)

where tr() and dev () the trace and the diverter of a tensor of order 2 indicate respectively. 

The function threshold now is introduced, where the function of work hardening R(κ ) was already introduced in
(1):

F(σ , κ)=σeq−R(κ)    ;    σeq=√ 3
2
dev(σ) :dev(σ)

  
(3)

One remains within  the framework  of  plasticity  with  positive  work  hardening so that  one imposes that  the
function of work hardening R(κ ) that is to say increasing.

The evolution of the plastic deformation is controlled by the equation of flow. When the function threshold is
derivable compared to σ , the direction of flow is normal on the surface threshold:

si    σ eq≠0    ε̇ p=κ̇N    ;    N=
3
2

dev
(σ)
σeq

  
(4)

In the singular case where  σ eq=0, the concept of derivative is generalized via concepts of convex analysis
(under-gradient). The direction of flow is subjugated only in the following condition:

si    σ eq=0    √ 2
3
‖ε̇

p
‖≤κ̇    ;   tr (ε̇ p

)=0
  

(5)

Lastly, the evolution of the variable of work hardening is fixed by the condition of coherence:

κ̇≥0    ;   F (σ ,κ)≤0    ;   κ̇F (σ ,κ)=0   (6)
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2.2  Taking into account of viscosity 

In the presence of viscosity, the plastic flow is differed. More exactly, the speed of evolution of work hardening is
not fixed any more by the condition of coherence (6) but it is henceforth function of the intensity of the function
threshold following the law of Norton:

κ̇=( ⟨F (σ ,κ)⟩
K )

n   
(7)

where hooks of McAuley ⟨ .⟩ indicate the positive part. Equations (1) with (5) remain unchanged. When K→0,
the elastoplastic model is found. 

2.3 Taking into account of the gradient of work hardening

A nonlocal formulation with gradient of internal variable is adapted when the gradient of work hardening  ∇κ
becomes important.  It  consists in introducing an additional term  Φ

grad
 in  the free energy which reflects the

interactions between close material points, to see [R5.04.01]:

Φgrad(∇ κ)=
1
2
c ( ∇ κ )2

  
(8)

By using the released formulation increased presented in [R5.04.01], the impact on the relation of behavior thus
results in a modification of the thermodynamic force associated with the variable of work hardening, in practice,
by a modification of the function of work hardening :

~R(κ)=R(κ)+rκ−ϕ    ;   ϕ=λ+ra   (9)

where  λ is  the multiplier  of  Lagrange associated with  relieving,  r>0 the coefficient  of  increase and  a the
interpretation of the variable of work hardening at the level of the structure. These three quantities are data
concerning the relation of behavior. With final, the function of work hardening is corrected of a term refines,
which thus does not add complexity compared to the digital processing of the model. On the other hand, the
sign and the amplitude of ϕ not being fixed, that explains why it is necessary to take into account the case of a
singular flow for which σ eq=0 .

3 Digital integration

Concerning the integration of the law of behavior, i.e. the calculation of the internal variables and constraints
with history of deformation (mechanical) given, it has there no more reasons to distinguish if it acts of a local
formulation or with gradient. Indeed, the impact of the latter is limited to modify the function of work hardening
according to ( 9 ). One will continue here to note it R(κ )  without distinction. 

On the other hand, one will distinguish the plastic and viscoplastic cases, even if one can show that this last is
also limited to a correction of the function threshold in the discretized equations.

3.1 Discretized equations 

The  discretization  in  time  of  the  equations  of  behavior  is  based  on  a  diagram of  implicit  Euler  (even  in
viscoplasticity), i.e. the various variables of the problem are expressed at the final moment of the step of time
considered. One notes Qn the value of a quantity Q at the beginning of the step of time, ΔQ its increment during
the step of time and (simply) Q its value at the end of the step of time. The mechanical state at the beginning of
the step of time (ε n ,ε

p
n ,κ n) is supposed to be known as well as the increment of deformation Δε  (and thus also

deformation ε ). It is then a question of calculating the internal increments of variables  Δε p
n and Δκ , as well as

the constraint at the end of the step of time σ .
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Discretization of the relation stress-strain (2) is written as follows:

σ=K tr(ε−εp
n−Δεp)Id+2μdev(ε−εp

n−Δεp)   (10)

Whatever the mode of flow, regular (4) or singular (5),  it is noted that the trace of the increment of plastic
deformation is null,  so that it  goes from there in the same way for the plastic deformation at any moment
(isochoric plastic deformation). The relation (10) is simplified and one can make there to appear an elastic

constraint (or elastic constraint of test), noted σ
e
 and which is known :

σ=σe−2μΔεp    ;   σ e=K tr (ε) Id+2μdev (ε−εp
n)

  (11)

In the case of a regular flow, temporal discretization of (4) is written:

Δ εp=
3
2
Δ κ
σeq

dev(σ e−2μΔ εp)
  

(12)

Withclose some algebraic handling, one from of deduced:

σeq=σeq
e −3μΔκ   (13)

Δ εp=
3
2
Δ κ

dev(σe)

σeq
e

  
(14)

σ=
1
3
tr(σe)Id+(σeq

e −3μΔκ)
dev(σ e)

σ eq
e

  
(15)

LE regular mode is valid only if σ eq>0, that is to say according to (13):

3μ Δκ<σeq
e   (16)

In the case of a singular flow,  σ eq=0. Taking into account the definition of the equivalent constraint of von
Mises, it is equivalent to dev (σ )=0. In particular, the constraint is written simply:

σ=
1
3
tr(σe)Id    ;   σeq=0

  
(17)

In addition, while injecting dev (σ )=0 in (11), one from of deduced the increment of plastic deformation:

2μ Δε p=dev(σe)   (18)

ET the flow is fixed with (5), i.e. after discretization:

√ 2
3
‖Δε

p
‖≤Δ κ

  
(19)

While deferring (18) in (19), it comes:

σeq
e ≤3μΔκ   (20)

One can note that conditions (16) and (20) allow to discriminate the regular case of the singular case. One
introduces in particular the value of separation between the two modes:

κs=κn+
σeq

e

3μ

  
(21)

3.2 Resolution  of  the  discretized  problem  –  plastic  Case  without
viscosity 

This stage, IL any more but does not remain to determine the increment Δκ  via the condition of coherence (6)
who is written after discretization:

Δκ≥0    ;   F(σ ,κ)≤0    ;   Δκ F(σ ,κ)=0   (22)
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For that, one starts by considering the assumption of an elastic solution, i.e.  Δκ =0 and  Δε p
. In this case,

σ =σ e
 and this solution is valid according to (22) as long as Fe=F(σ e ,κ n)≤0.

Let us suppose now that Fe>0. It is a question of finding Δκ >0 such as F(σ ,κ )=0. On the assumption of a

regular flow (κ n<κ <κ s), one can inject (13) in the expression of the function threshold which is worth then:

F(σ , κ)=σeq
e −3μ Δκ−R(κ)=M̂ (κ)   (23)

Like  the  function  of  work  hardening  R is  increasing,  the  function  M̂  is  strictly  decreasing.  In  addition,

M̂ (κ n)=Fe>0. There exists one (single) solution in mode of regular flow if and only if  M̂ (κ s)<0. A method of
Newton on controlled terminals then makes it possible to determine it.

In the case of a singular flow (κ
s≤κ ), σ eq=0 and the condition of coherence is written simply:

F(σ , κ)=−R(κ)=0   (24)

One can notice that −R is a function (strictly) decreasing. Moreover, When κ →+∞, −R is negative. Indeed, in
the local case, R(+∞)≥R(0)>0. And in the nonlocal case, r>0 so that the function R tends towards the infinite
one. There thus exists one (single) solution in mode of singular flow if and only if  −R(κ s)=M̂ (κ s)≥0. There
still, a method of Newton makes it possible to determine this solution. 

Finally, there exists a single solution with the problem of integration of the law of behavior. The mode depends
on the values M̂ e=M̂ (κ n) and M̂ s=M̂ (κ s), where M̂ e≥M̂ s :

• if 0≥M̂ e≥M̂ s : elastic solution;

• if M̂ e≥0≥M̂ s : plastic solution with regular flow;

• if M̂ e≥M̂ s≥0 : plastic solution with singular flow.

3.3 Resolution discretized problem: viscoplastic case

E N presence of viscosity, the condition of coherence ( 6 ) is replaced by the law of evolution of Norton ( 7 ).
Once discretized, the latter is written: 

Δκ
Δ t

=( ⟨F(σ ,κ)⟩
K )

n   
(25)

And by reversing this relation: 

CΔ t Δκq=⟨F(σ ,κ)⟩    ;   CΔ t=
K

Δ t 1/n    ;   q=
1
n

  
(26)

It can be still expressed in an equivalent way in the form of a relation of Kuhn and Tucker: 

Δκ≥0    ;   Fv (σ ,κ)≤0    ;   Fv (σ ,κ)Δκ=0   (27)

où   Fv (σ ,κ)=F (σ ,κ)−CΔ tΔκq=σeq−Rv(κ)    ;   R v(κ)=R(κ)+CΔ t (κ−κn)
q   (28)

After  discretization,  the  taking  into  account  of  viscosity  is  reduced to  the  addition of  a  term (positive  and
crescent) in the function of work hardening. 

One could be tried to apply the same method of resolution as previously but, unfortunately, this new term is not
derivable in κ n  because q<1  in general ( n>1 ). This is why one proposes to start to seek the solution of the
problem without viscosity (in a coarse way) and one rocks then on the solution with viscosity by a method of
Newton with the help of the change of variable Δκ →CΔ tΔκ q , thus eliminating the problem from nonderivability
(and strong slopes which is penalizing for a method of Newton). 

3.4 Tangent matrix
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In the local case, it is a question of determining the tensor of order 4 Hσ ϵ=δ σ / δ ε . In the nonlocal case, it is
also  necessary  to  build  the  tensors  of  order  2  Hσ ϕ=δ σ /δ ϕ and  Hκ ϵ=δκ /δ ε  as  well  as  the  scalar
Hκ ϕ=δ κ /δ ϕ.

The tangent operator depends on the mode of flow. In the elastic case, it is reduced to:

δσ=K tr(δε) Id+2μ dev(δ ε)    ;   δ κ=0   (29)

In the case of the singular mode, the expression is there too very simple:

δσ=K tr(δε) Id    ;   δκ=( ∂
~R v

∂κ )
−1

δϕ
  

(30)

where the function of work hardening contains if necessary the terms related on nonthe room and viscosity
(from where the tilde and the index to point out it explicitly).

The mode of regular flow led to a more complex tangent operator. The following use of a criterion of von Mises
led to the derivative:

δσeq=3μN : δε   (31)

δN=
1
σeq

[ 2μdev(δ ε)−δσeq N ]
  

(32)

By applying derivative of composed functions then, one obtains:

δσ=K tr (δε) Id+2μ[ 1−
3μ Δκ
σeq ] dev (δε)+ 9μ2Δκ

σeq
N⊗N : δε−3μN δ κ

  
(33)

δ κ=[ 3μ+
∂ ~Rv

∂κ ]
−1

[δσ eq+δϕ ]
  

(34)

EN phase of prediction (ε=ε n), two specificities are to be noted:
• In the presence of viscosity, δ κ=0 because the derivative ∂ ~Rv /∂κ  is infinite.

• The tangent operators are not continuous with the transitions between modes (M̂ e≈0 and M̂ s≈0) and in
this case one chooses the field corresponding to the mode of the preceding step. On the other hand, if
the mechanical state of the beginning of the step of time is not in the vicinity of a transition for, then the
mode is fixed as for the integration of the law.

4 Description of the versions of the document

Version
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Organization (S)

Description of the modifications
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