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Law of damage homogeneous ENDO_LOCA_EXP

Summary:

This document describes the model of elastic behavior fragile  ENDO_LOCA_EXP, available in  local modeling
only (in opposition to a nonlocal formulation type GRAD_VARI). That implies to restrict the use of the model to
situations in which the damage is diffuse and not localised. The corresponding nonlocal version is provided by
the model  ENDO_FISS_EXP [R5.03.28]. If  L'  damage is modelled there in an isotropic way, the criterion of
damage is as for him well adapted to the modeling of the concretes, by in particular distinguishing the states
from  traction  and  compression,  unlike  model  ENDO_ISOT_BETON [R7.01.04]  for  example.  Moreover,  a
restoration of rigidity in compression is introduced to reflect the closing of the cracks. On the other hand, the
model is not a priori adapted to model the damage of the concrete in compression.  
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1 Scope of application

1.1 Finalities

The law of behavior ENDO_LOCA_EXP , available in the order STAT_NON_LINE , aims to describe the
damage quasi-fragile diffuse mechanical concrete under requests of traction. The damage is described
there in an isotropic way. On the phenomenologic level, the model aims at reflecting more particularly: 

• contrast enters the elastic limits in traction and compression, thus avoiding a premature damage
in compression under prestressing, for example;

• the specific form of the surface of damage in multiaxial traction, near of a criterion to Rankine;

• impact on the rigidity of the closing of the cracks in the directions of compression, which also
reinforces the robustness of simulations in the presence of emerging cracks.

In the presence of a damage located, one will prefer the nonlocal model to him ENDO_FISS_EXP to
which the definition of the parameters is close to that of ENDO_LOCA_EXP.

The interested reader will be able to find elements more detailed on the formulation of the law and its
validation in the reference [Lorentz, 2020]. Taking into account the proximity with the laws of behavior
ENDO_ISOT_BETON and ENDO_FISS_EXP, it will be able to also refer to the references [Badel and al.,
2007], [Lorentz, 2017], [R7.01.04] and [R5.03.28].

1.2 Parameters materials

The law of behavior rests on six internal parameters (which the constants of elasticity), as one will see
it in the presentation of the equations in the following chapter. However, in a mode of cracking diffuses
where emerges an average distance inter-crack, one will  be able to reformulate the parameters in
terms sizes more accessible to the engineer. In addition to the Young modulus and the Poisson's ratio,
one will inform resistances in traction and compression (the latter being less significant for the targeted
problems), the energy of fracturing and one parameter to describe the form of the lenitive answer.
Lastly, average distance inter-crack will be fixed on the basis of characteristics of reinforcement, for
example. The order  DEFI_MATER_GC deals with the transformation of these parameters of engineer
into internal characteristics of the law and can thus substitutes itselfR with the order DEFI_MATERIAU,
but it requires in this case to also inform the average distance inter-cracks. 

1.3 Internal variables

The law of behavior ENDO_LOCA_EXP gives access to five internal variables. The degree of damage
b, understood enters 0 for a healthy material and 1 for a completely damaged material, constitutes a
priori only true internal variable model. For reasons of digital effectiveness, one also preserves the
state of the step of current time, with like values 0=elastic, 1=endommageant, 2=saturé. Lastly, one
also gathers three variables there to facilitate postprocessing. 

The internal variables are gathered in the following table:

ENDO V1 Damage b

INDIENDO V2 State of the step of current time (0, 1 or 2)

ENDORIGI V3 Loss of rigidity 1−B(b)

ENERELAS V4 Elastic voluminal energy

ENERDISS V5 Consumed voluminal energy
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2 Continuous model

2.1 Equations of behavior

The relation stress-strain takes the following shape, in which ⟨ x ⟩- and ⟨ x ⟩+ the negative and positive parts of a
scalar or a symmetrical tensor indicate respectively:

σ(ε , b)   =   B(b)[ λ ⟨tr(ε)⟩++2μ⟨ε⟩+]   +   [ λ ⟨ tr(ε)⟩-+2μ⟨ε⟩- ]   (1)

Quant with the function of rigidity B(b), it is worth:

B(b)   =   
1−b

(1−b)+ κ
2

b (m0+(D1−m0)b
r−1)

  
(2)

The evolution of the damage is controlled by the conditions of following Kuhn and Tucker:

ḃ⩾0    ;   Q(ε)−ϕ(b)⩽0    ;   ḃ [Q(ε)−ϕ(b)]=0   (3)

The function threshold ϕ(b) has as an expression:

ϕ(b)   =  [(1−b)+ κ
2

b (m0+(D1−m0)b
r−1) ]

 2   
(4)

As for the function of the deformation Q(ε), she is written:

Q(ε )   =  ε *
2   (5)

In this expression, the pseudo-standard ε* is the solution of the following scalar equation:

f σ( λ tr (ε)Id  + 2με
ε* )   =  0

  
(6)

Lastly, the threshold of initiation has as an expression:

f σ(σ)   =  ‖ σσ0
+(β0−

1
3 ) tr ( σσ0 ) Id‖   +  ‖ exp ( σσ0 )‖   -  γ0

  
(7)

The function of rigidity  B(b) who intervenes in the relation stress-strain measures the impact of the level of
damage  on  residual  rigidity  (in  traction).  Its  particular  form like  that  of  the  threshold  ϕ(b)are  guidedS by
coherence with the answer of the law ENDO_FISS_EXP in a uniaxial test tensile confined. She plays the same
part as the more classical form (1−b) used in many models of the literature. 

2.2 Elastic energy and transition traction and compression
 
Pour to take account of the restoration of rigidity in compression, the law of elasticity is not linear any more,
even if it remains hyperelastic (i.e. it derives from an energy) in order to avoid any production or consumption
parasites of energy. It is similar to the formulation adopted for the law ENDO_ISOT_BETON [R7.01.04]; she takes
account not only sign of the clean deformations but also of that of the trace of the deformations. On the practical
level,  it  thus requires  to  determine  the deformationS clean.  Its  value is  provided among internal  variables
(ENERELAS).
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Its properties are studied in a detailed way in [Badel and al., 2007]. It will be retained that it is continuously
derivable,  which  ensures  the  continuity  of  the  relation  stress-strain.  On  the  other  hand,  it  is  not  twice
continuously derivable, which means that rigidity presents a jump to the crossing of the transition traction and
compression.  That  can  harm  the  convergence  of  calculation;  this  is  why  one  proposes  to  regularize  this
transition. 

The idea, clarified in [Lorentz, 2017] and [Lorentz, 2020] consists in regularizing elastic energy. That has like
consequence on the relation stress-strain (1) that the parts positive and negative are approached there by
infinitely derivable functions:

⟨x ⟩-  ≃   N γ( x)     ;    ⟨ x ⟩+  ≃   x−N γ(x )   (8)

The approximation  N γ  depends on a parameter  γ>0 who tends towards the infinite one in the absence of
regularization. It has as an expression:

Nγ(x )={( x+
1

2γ ) exp(− 
1
γ x ) si x<0

0 si x⩾0

  

(9)

2.3 Parameters of the model

One can count the parameters used in the equations of behavior. It is about λ, μ, σ0, γ0, β0, κ, m0, D1 and r.
One proposes to give their significance and their expression, to list those finally having to be well informed by
the user.

Elasticity –  The  elastic  characteristics,  which  intervene  in  the  expression  of  the  deformation  energy,  are
reduced classically to the coefficients of Lamé λ and μ or, in an equivalent way, with the Young modulus E and

with the Poisson's ratio ν. One from of deduced in particular confined rigidity Ec=λ+2 μ.

Threshold of initiation of the damage – The threshold of initiation is defined via the function f σ who

depends on three parameters: σ 0, γ0 and β0. In practice, one fixes β0 with 0.1 and one determines σ 0

and  τ0 according to resistances of the concrete in traction  f t in of compression  f c, according to the

methodology presented in [Lorentz, 2017]. These data then make it possible to calculate Q ( ε ) for any
deformation. In particular, one can determine the constraint of initiation in confined uniaxial traction σ c

by the resolution of the following equation, in which n indicate the direction (arbitrary) of traction:

f σ(( λ
Ec

Id+
2 μ
Ec

n⊗n) σ c)=0
  

(10)

One reaches then  w c the deformation energy when the threshold of initiation is reached in uniaxial traction

confined via w c=σc
2/2 Ec.

 Energy of damage – The energy of cracking GF measurement power consumption per fissured unit of
area. It is to be brought closer to the average distance L  who separates two cracks to build voluminal
energy  k=GF /L consumed  by  the  model  of  damage;  one  chooses  to  standardize  the  latter  via

κ=GF/ ( Lwc ). Two parameters GF and L thus do not intervene in model of damage that through their
ratio even if both have a clean physical meaning. 

 Factor of form – A last parameter, p⩾1, influences the form of the answer in phase of damage (answer
all the more curved in a diagram σ−ε that p is large). Value of p, the parameters are deduced m0, D1

and r according to the following expressions: 
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m0   =  
3π
2

( p+2)
− 3

2
  

(11)

D1   =  
3π
4

√ p+1
  

(12)

r   =  
2(D1−1)−m0

2−m0

  
(13)

And from there, also knowing voluminal energy with standardized rupture κ , one can express for any
value of damage the function of rigidity B(b) and the threshold ϕ( b) . The data of p limit also possible
values for κ for questions of stability of the material point what, indirectly, fixes an upper limit Lc at the
distance inter-cracks L via the following inequality:

L   ⩽   Lc   =  
GF

w c

3π
4
( p+2)

− 3
2

  
(14)

 Regularization  of  the  transition  traction  and  compression –  last  parameter,  γ,  condition  the
regularization of  the left  functions positive  and negative intervening in  the relation stress-strain,  as
explained with the § 2.2. Alternatively with the data of a value for γ, one can prefer to fix the proportion
of the rigidity (without regularization) which  is found for a deformation (in compression) about  f c /E ,
proportion which one notes ργ.

With  final,  while  being  based  on  the  order  DEFI_MATERIAU,  one  is  brought to  inform  the  nine  following
parameters:  E,  ν,  σc,  σ0,  γ 0,  β0,  κ,  p and  γ.  Values by default  are proposed:  β0  = 0.1 and  γ  = 0 (not of
regularization). Alternatively, the order DEFI_MATER_GC allows to inform these parameters in a more common
way. One provides the ten following parameters indeed to it: E, ν, f t

, f c
, γ0, β0, GF

, L, p and ργ. There too, two

values by default are proposed: β0  = 0.1 and ργ  = 0.95 (a regularization considered to be reasonable).

3 Digital integration

3.1 Discretized equations

The discretization in time of the equations of behavior is based on a diagram of implicit Euler, i.e. the various
variables of the problem are expressed at the final moment of the step of time. The expression of the constraint
at the end of the step of time obeys thus (1), deformation and the damage there being also expressed at the
end of the step of time. Remain the delicate part which consists in calculating the evolution of the damage.

To integrate the equation of evolution of the damage is a nonlinear scalar problem. IL results from the temporal
discretization of the conditions from Kuhn and Tucker (3), while indiçant by n quantities at the beginning of the
step of time and by omitting any index for that at the end of the step of time:

b−bn⩾0    ;   Q(ε)−ϕ(b)⩽0    ;   (b−bn) [Q(ε)−ϕ(b)]=0   (15)

 I L then acts to determine the value of  b ,  ε  being known; it is what is called the integration of the law of
behavior. 

It is necessary as well to note as the deformation ε  corresponds to the mechanical part of the deformations, i.e.
the total deflection which the deformations of withdrawal were withdrawn, in particular thermal (dilation). In the
clean terminology with the code Aster (Code_Aster), it is about a law expressed in mechanical deformation. 

3.2 Resolution of the algorithmic equation of evolution
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To treat alternative ( 15 ) , one takes again the method described in [Lorentz, 2020] where the existence and the
unicity of the solution were also shown  b . One starts by evaluating the function  Q(ε);  that passes by the
resolution of the scalar equation ( 6 ). One returns the reader with the document [R5.03.28] for the method of
resolution, the function Q  being equal to a factor close with the function Γ  defined in this booklet. 

One then carries out an elastic shooting by supposing that b=bn . If Q (ε)−ϕ(bn)⩽0, then it is about Solution; it

is the elastic mode . In the contrary case, one examines the ultimate value b=1 . If Q(ε)−ϕ(1)⩾0 , then it is
the solution; it is the saturated mode . Lastly, last case, the damaging mode, the solution b  is the root of the
following equation, understood enters bn  and 1: 

ϕ(b)   -  Q(ε)   =  0   (16)

The member of left is increasing with b and of sign opposed at the two boundaries. The resolution is carried out
by a method of Newton on controlled terminals. 

Precision with which the two scalar equations are solved, that to evaluate Q(ε)  and ( 16 ) is indirectly fixed by
the user, so that the mistake made on the constraint is lower than the limit in traction  σ c  multiplied by the
parameter  RESI_INTE_RELA of  STAT_NON_LINE .  One  will  be  able  to  refer  to [Lorentz, 2020]  for  the
calculation of the precise details expected for these two scalar equations. 

3.3 Tangent matrix

The tangent matrix is obtained by variation of the constraint in (1) compared to the deformation. For that, one
starts by noting E+(ε) and E-(ε) parts positive and negative of the operator of elasticity:

E+(ε)   =  λ ⟨tr (ε)⟩++2μ ⟨ε⟩+     ;    E-(ε)   =  λ ⟨tr (ε)⟩-+2μ ⟨ε⟩-   (17)

While differentiating (1), it comes then:

δσ   =  [ B(b) dE+

d ε
(ε)   +  

dE-

d ε
(ε)] :δε   +  E+(ε)

dB
db

δb
  

(18)

In elastic or saturated mode, the last term is null (no variation of b). In damaging mode, variation of b is obtained
by differentiating the equation (16). That led to:

δb   =  ( dϕdb (b))
−1 dQ

d ε
: dε

  
(19)

The delicate part then consists in deriving Γ,  E+ and E- compared to ε. One returns for that to the document
[R5.03.28] in which these operations are detailed. Although these quantities depend on the clean deformations,
one can note that the methodology of derivation which is put in work frees derivative of the associated clean
vectors which, one points out it, are not defined when the eigenvalues are not distinct.

4 Piloting by elastic prediction
 
As regards a law of damage, material instabilities can appear. To allow to follow them, one recommends the use
of a method of piloting per elastic prediction (PRED_ELAS) in the absence of variables of order (such as a
thermal transient) and of loadingS depending on physical time, to see document [R5.03.80].
 
The increment of piloting, noted Δτ , is interpreted here like an increment of maximum damage target. On the
level of a point of integration, it is then a question of determining the values of the parameter of piloting η who
place the deformation on the threshold of damage. This stage, the deformation is expressed like a function
refines η, i.e. ε=ε0+ηε1. Taking into account the expression of the condition of coherence (3), it is followed from
there that η is solution of the following scalar equation:
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Q(ε0+ηε1)   =  ϕ(bn+τ)   (20)

Taking into account convexity  Q, this equation admits at the maximum two solutions. One details in [Lorentz,
2020] how to establish an interval limited in whom to seek these solutions and the application of a method of
Newton to determine them.

5 Description of the versions of the document

Version
 Aster

Author (S) 
Organization (S)

Description of the modifications

15.1 E.LORENTZ, EDF-R&D/ERMES Initial text
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