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Error analysis in relation of behavior in dynamics 
under a frequential formulation

Summary:

This document presents the principle of the error analysis in relation of behavior (ERC). In this document, the
resolution of such a problem is restricted with the case of linear dynamics under the one frequential formalism.

Several uses can justify the recourse to the resolution of a problem of ERC in linear dynamics:

• The expansion of data measured on a digital model (reconstruction of fields),
• The use of the functional calculus of ERC like function cost in a problem of retiming or identification,
• Space localization of defects of a digital model starting from measurements.

The operator of resolution of the ERC is CALC_ERC_DYN [u4.53.41].
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1 Notations

Φ(⋅)  : Free potential energy
ϵ  : Tensor of deformations
σ  : Tensor of constraints
Ω  : Field occupied by the structure
ũ  : Boundary conditions in displacement on the edge δuΩ

f̃  : Boundary conditions in effort on the edge δ f Ω

C  : Tensor of Hooke

u  : Field of displacement

ℜ(⋅)  : Real part

ξω
2  : Error of Drüker under a frequential formalism

(u , v ,w) : Triplet of acceptable fields associated with the problem of ERC.

eω
2  : Functional calculus of ERC under a formalism EF in the field of

linear dynamics under a frequential writing.
ω  : Own pulsation
f  : Frequency

[K ]  : Matrix of rigidity EF

[M ]  : Matrix of mass EF

[G r]  : Matrix normalizes definite positive

[H ]  : Matrix of observation
Ψ  : Clean mode
α  : Parameter  of  type  regularization  of  the  functional  calculus  of

ERC.
γ  : Parameter of type weighting of the functional calculus of ERC.
û  : Field of measured displacement.

A  : Matrix associated with the resolution of the problem of ERC.

l  : Vector of unknown factors associated with the resolution of the
problem of ERC.

b  : Second associated member with the resolution of the problem of
ERC.

2 Introduction to the energy functional  calculuses:  Case of
the error in relation of behavior

Within  the  framework  of  simulation  in  general  manner  and mechanics  in  particular,  one is  often
brought  to  evaluate  one  or  of  the  physical  sizes  governing  the  system  studied  starting  from
measurements.  However,  in  a  general  way,  the  searched  sizes  not  only  are  not  accessible  via
measurement but can present a certain number of  pathologies (incomplete, redundant, sullied with
errors…). 
One thus returns within  the framework of  resolution of  an opposite problem where the goal  is  to
establish a mathematical  link  resting on physical  laws (model),  in order to find the required sizes
reproducing experimental measurements as well as possible. Often, that results in the resolution of a
problem of minimization where a functional calculus (function cost) is used for, on the one hand, to
quantify the difference between the model and measurement and, on the other hand, to solve the
character potentially badly posed opposite problem.

In  mechanics,  and  in  particular  in  the  family  of  the  variational  methods  (by  distinction  of  the
probabilistic  methods),  one  classically  distinguishes  three  approaches  for  construction  from  the
functional calculuses allowing the resolution of the opposite problem in question:  

• methods based on least squares;
• approach resting on the theorem of reciprocity of Maxwell-Betti;
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• approaches based on the construction of energy functional calculuses

Contrary to least squares and the approach utilizing the principle of reciprocity, the energy functional
calculuses are based to the measure of the distance between the acceptable fields of solutions built
starting from measurements and of the model.

These techniques were firstly introduced by P. Ladevèze with an aim of estimating the quality of a
solution obtained by the method Finite elements. Thus into [bib1] the concept of Error in Relation of
Behavior  (ERC) was introduced.  Since,  many applications came out,  such as for  example  [bib2],
[bib3] or [bib4].

The introduction of this concept can rest on 2 distinct principles: 

• Approach valid  for Generalized Standard Materials (MSG) which, for a structure with behavior
given,  characterized by a free potential  energy  Φ(⋅) ,  the difference between two evolutions
associated with  boundary  conditions in  effort  and displacement  is  quantified  by the following
residue:

e (ϵ ,σ)=Φ(ϵ)+Φ∗
(σ)−σ :ϵ  

where  Φ
∗
(⋅)  is the potential defined by the transform of Legendre-Fenchel of  Φ(⋅) . It rises

from the expression suggested by Fenchel between two sizes, primal and dual, coming from a
given potential, namely:

eΠ(x , y)=Π( x)+Π
∗
( y)−x : y  

A  development  of  this  expression  for  the  variation  of  two  acceptable  couples  (x1, y1) and

(x2, y2)  conduit with:

EΠ(x , y)=〈x2−x1 , y2− y1〉  

This error is always positive and becomes worthless when the boundary conditions are compatible
with the relation of behavior. Moreover, it makes it possible to define a distance which answers
the criteria of positivity and symmetry necessary. She causes the more known expressions of the
error in relation of behavior presented later on.

• The second approach is based on the principle of stability within the meaning of Drucker defined
for any couple of evolution of the structure (on the basis of the same initial state) by the following
inequality:

∫0

T

∫Ω (σ2−σ1) :( ϵ̇2−ϵ̇1)dΩ dt≥0  

If one places oneself within the framework of the small disturbances, the answer of the structure
will be single for any evolution resulting from the same history of the boundary conditions. This
character  of  unicity  is  checked  in  the  laws of  behavior  frequently  used  (elasticity,  plasticity,
viscoelasticity,  etc)  except  some  “singular”  laws  such  as  the  laws  of  damage.  Indeed,  the
integration of the variational equation of the principle of the Virtual Powers involves the nullity of
the following expression: 

∫0

T

∫Ω (σ2−σ1):( ϵ̇2−ϵ̇1)dΩdt+∫0

T

∫Ω
1
2
ρ( u̇2−u̇1)

2
=0  

Under the assumption of the stability condition of Drücker, this equation makes it possible to write
the following inequality: 

∫0

T

∫
Ω

1
2
ρ( u̇2−u̇1)

2
≤0∀ t∈[0,T ] ,∀ x∈Ω  
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what results in the equality  between two speeds and thus the equality  between displacements
everywhere in the structure and at every moment T (taking account of the identical initial states
for two evolutions 1 and 2). Then, the stories of the deformations are equal (by derivation), which
will be followed by the equality of the internal stresses (by relation of behavior). 
 
This  assumption  was exploited  to  define a residue within  the meaning of  error  in  relation  of
behavior between two solutions described as kinematically acceptable and statically acceptable,
respectively. A null residue means that the two quantities, kinematically acceptable and statically
acceptable, are compatible with the law of behavior.

The relation  of  behavior  thus seems a good measure of  the compatibility  of  a model  in  the
boundary  conditions  in  displacement  and  effort.  Thus,  many  works  were  completed  on  this
approach  in  various  fields  (elastostatic,  elastodynamic,  etc)  based  on  the  construction  of  a
distance between acceptable fields (in the boundary conditions in effort and displacements) within
the meaning of the relation of behavior.

Let us suppose, in addition, that one built two solutions S 1
(σ1)  and S 2

(ϵ2)  compatible exits of

two evolutions of the conditions in displacement and efforts respectively.  The distance, within the
meaning  of  the  relation  of  behavior,  which  makes  it  possible  to  evaluate  the  variation
quantitatively E between these two solutions must check:

 {
E (S1,S 2

)=E(S2,S 1
)∀ S1,S2

E (S1, S2
)≥0∀ S1,S 2

E (S 1,S2
)=0⇔ S1

=S 2

 

Some classical formulations of the error in relation of behavior are proposed thereafter by way of
an example.

2.1 Classical formulation of the error in relation of behavior: case of the
élastostatique one

The formulation of an energy functional calculus of standard error in relation of behavior is particularly
simple in the case of the élastostatique one. 
It is considered that the laws which govern the problem are:

• The equilibrium equation:
divσ=0  

• Boundary conditions:

{ u=ũ surδuΩσ⋅n= f̃ sur δ f Ω
 

• The law of behavior:
σ=C : ϵ(u)  

Thus, the functional  calculus of  ERC is associated with a problem of  search for  acceptable fields
described by:

To find the field σ s  statically acceptable and uc  kinematically acceptable minimizing:

∫Ω (σ s−ϵ(uc)):C
−1 :(σ s−ϵ(uc))dΩ  

under the constraints of admissibility:
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{ uc={u∈H 1
(Ω);u=ũ sur δuΩ}

σ s={u∈H div
(Ω) ;σ⋅n= f̃ sur δ f Ω}

 

In the static case, one can show that the fields solution statically and kinematically  acceptable are
independent. That results in the possibility of being calculated separately like a problem of Neumann
and Dirichlet respectively. 
  

2.2 Modified formulation of the error  in relation of behavior:  dynamic
case

In  the  case  of  elastodynamic,  it  was  proven  [bib5]  that  the  “direct”  extension  of  the  preceding
formulation does not respect the spirit of the energy functional calculuses for the statically acceptable
fields dynamically and because, in addition to the coupling by the equation of behavior, these fields
are also bound by the relation of balance, which is now:

div(σ)−ρ ü=0  

Thus, an approach known under the name of “modified ERC” is introduced by Feissel and Allix  into
[bib3], whose formulation is summarized below: 

To find the field σd  dynamically acceptable and uc  kinematically acceptable minimizing:

∫0

T

∫Ω (σd−ϵ(uc)):C
−1 :(σd−ϵ(uc))dΩdt+∫0

T
(∫δuΩ d u(uc , ũ)dS +∫δ f Ω d f ( f , f̃ )dS )dt  

under the constraints of admissibility:

{ uc={u∈H 1
(Ω) ;u=ũ   sur  δuΩ }

σ s={u∈H div
(Ω) ;σ⋅n= f̃   sur  δ fΩ   et  div(σ)−ρ ü=0   sur  Ω }

 

where terms d u  and d f  are positive definite standards to define (standards typically L2 ).

2.2.1 Frequential formulation in a formalism Finite elements

The  formulation  which  one  presents  hereafter  is  resulting  from  work  in  [bib6]  and  [bib7].  It
is appropriate for the cases of the dynamics of structures treated into frequential and is particularly
adapted to the problems in a formulation EF in linear dynamics. 

Let us place if we seek periodic solutions of the dynamic problem quoted top hat: 

ℜ(uω e
i ωt
)  and ℜ( f ωe

i ωt
)

where  ℜ(⋅)  indicate  the real  part  and  ω  the pulsation given.  Then the equilibrium  equation is
written:

div(σ)−ω2
ρuω=0  

In addition, let us note the acceptable fields such as:

• uc=u  is the field kinematically acceptable 
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• {σd=C : ϵ(v)

Γd=−ρω
2w

 are the fields dynamically acceptable

Then, the inequality of Drüker is written now:

ξω
2
(u , v ,w)=∫

Ω

1
2

tr [C :(ϵ(u)−ϵ(v))*(ϵ(u)−ϵ(v))]+
1
2
ρω

2
(u−w)*(u−w)dΩ  

where the sign  *  indicate the combined complex.  This expression makes it  possible to approach the
writing of the functional calculus of error in relation of behavior usually used in linear dynamics under a
clean formulation of discretization EF. 

Indeed, let us admit that one is interested in the problem of research of clean modes such as:

([K ]−ω2
[M ])Ψ=0   ;   Ψ≠0  

where [K ]  and [M ]  are the matrices of stiffness and mass respectively.

In this context,  the problem of  search for optimal  acceptable fields within the meaning of  a functional
calculus of the modified type ERC is formulated in the following way:

To find the triplet of acceptable fields (u , v ,w)  who minimize:

eω
2
(u , v ,w)=

γ

2
(u−v )*[K ](u−v )+

1−γ
2
(u−w)*ω2

[M ](u−w)+
1−α
α (Hu− û)*[Gr ](Hu−û)

under the constraint:

[K ] v−ω2 [M ]w=0  

Where: 
[K ]  represent a matrix of real rigidity 
[M ]  represent a matrix of mass
[H ]  represent a matrix of observation
[G r]  represent a positive definite symmetrical matrix being used as standard of the errors within the

space of observation
ω=2π f : pulsation of excitation

û  observation of displacements to the pulsation ω
γ  parameter of weighting of the errors (u−v )  and (u−w)
α  parameter of weighting of the functional calculus comparable to a term of regularization 

2.2.2 Obtaining the acceptable fields for the frequential formulation in a formalism Finite
elements

The problem of optimization under constraint above  can transform itself into an unconstrained problem by
introducing the Lagrangian following:

Eω
2
(u , v ,w ,λ)=eω

2
(u , v ,w)+ ([K ]v−ω2

[M ]w )λ  

Thus, obtaining the triplet  (u , v ,w)  minimizing the associated problem under constraint is obtained by
seeking the point saddles the Lagrangian one given by:

∂Eω
2 (u , v ,w ,λ)=0  
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what, by considering the matrices  [K ]  and [M ]  symmetrical leads to:

 {
∂Eω

2

∂u
=
γ

2
[K ](u−v)+

1−γ
2

ω
2
[M ](u−w)+

1−α
α H T

[Gr ](Hu− û)=0

∂ Eω
2

∂v
=
−γ

2
[K ](u−v)+ [K ] λ=0

∂ Eω
2

∂w
=
γ−1

2
ω

2
[M ](u−w)−ω2

[M ] λ=0

∂Eω
2

∂λ
=[K ]v−ω2

[M ]w=0

 

By simplifying the equations and seeking to obtain a symmetrical system of equations, the research of
the fields leads to the resolution of the linear system of equations of the form:

A l=b  
with, for each own pulsation ωi  :

Ai=(γ (K+γ / (1−γ )ωi
2M ) −γ (K−ωi

2M )
−γ (K−ωi

2M ) (−2α / (1−α ) )H TG r H )  ; and bi=( 0n
(−2α /(1−α) )H TG r ûi )

where the vector of the unknown fields is:

l i=( u
u−v)i  

Let us note that in that the field  (u−w)  is obtained directly by combining the second and the third
equation of research of the point saddles leading to:

(u−w)=
γ−1
γ (u−v )  

3 Implementation in Code_Aster

3.1 Implementation practical

The operator CALC_ERC_DYN [U4.53.41] was developed to allow to solve the problem of search for
optimal fields (u , v ,w) associated with the problem of optimization under constraint describes in the
preceding section. 
Concretely, it solves for a list of frequencies given, the system of linear equations A l=b  detailed
higher, which makes it possible to obtain the fields u  and u−v  searched. It should be noted that the
field  u−w  is not proposed at exit  of  the operator because it  results in a commonplace way of  a
report  proportional with u−v .

This operator in addition allows to evaluate, if wished, the value of the functional calculus  eω
2  with

the triplet solution  (u , v ,w) . This is particularly interesting when one wishes to use the functional

calculus eω
2  in a problem of retiming or identification.

The operator uses five obligatory keywords:

• the  keyword  MATR_RIGI and  MATR_MASSE  correspond  respectively  to  the  real  assembled
matrices of rigidity and mass of the studied model;
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• the keyword  MATR_NORME  :  this keyword makes it  possible to inform  generalized assembled

matrix corresponding to the positive definite symmetrical matrix Gr being used as standard of the
errors within the space of observation. 

• the  keyword  MATR_PROJ  :  this  keyword  makes  it  possible  to  give  the  matrix  of  projection
associated with  the operator  H .  It  is  about a geometrical  correspondence between the grid
associated  with  the  matrices  with  mass and rigidity  on a  side,  and  grid  associated  with  the
observations  û  on another  side.  The matrix  of  projection  required  here  must  result  from  a
calculation with operator PROJ_CHAMP [U4.72.05] with the method ‘COLLOCATION’.

• the keyword  MEASUREMENT  : this keyword makes it  possible to inform the fields which will  be

used as an observation  û i .  This concept must contain sequence numbers as many than the
number of  frequencies which will  be studied at the time of  the call  of  the operator (operands
FREQ/LISTE_FREQ). In addition, the dimension of the fields contained in this concept must be
coherent with the dimension of the matrix normalizes Rtaught under the operand MATR_NORME.
Moreover itS fields contained should not comprise degrees of freedom of the Lagrange type. With
this intention, it is advised to condition this concept with the preliminary assistance of the operator
OBSERVATION [U4.90.03];

• the keyword CHAMP_MESURE allowing to define the type of field contained in measurement; 
• the keyword  FREQ/LIST_FREQ allowing to define the frequencies to which the problem will  be

solved;
• the keyword  ALPHA and GAMMA corresponding to the parameters of weighting of the functional

calculus comparable to a term of regularization ( α  ) and with the parameter of weighting of the
errors (u−v)  and (u−w)  ( γ  ); 

• the keyword  EVAL_FONCT allowing to determine if  the value of  the functional calculus for the
optimal triplet of fields will be evaluated  and stored in the result; 

• the keyword SOLVEUR allowing for choice of the type of solvor who will be used at the time of the
resolution of the problem. In the current version, the solveurs available are MUMPS (defect) and
LDLT.
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